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^ ■ Abstract 

o , 

, Our investigation of differential conservation laws in Lagrangian field theory is based 

' on the first variational formula which provides the canonical decomposition of the Lie 



derivative of a Lagrangian density by a projectable vector field on a bundle (Part 1: gr 



lO , qc/9510061 ). If a Lagrangian density is invariant under a certain class of bundle isomor 



I phisms, its Lie derivative by the associated vector fields vanishes and the corresponding 

^ ■ differential conservation laws take place. If these vector fields depend on derivatives of 

I , parameters of bundle transformations, the conserved current reduces to a superpoten- 

^j-jl tial. This Part of the work is devoted to gravitational superpotentials. The invariance of 

a gravitational Lagrangian density under general covariant transformations leads to the 
stress-energy-momentum conservation law where the energy-momentum flow of gravity 
r> I reduces to the corresponding generalized Komar superpotential. The associated energy- 

■ momentum (pseudo) tensor can be defined and calculated on solutions of metric and 

affine-metric gravitational models. 
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PART 2 



The present Part of the work is devoted to SEM conservation laws and energy-momentum 
superpotentials in the gravitation theory. 

There are different approaches to the description of conservation laws in the gravitation 
theory; different energy-momentum (pseudo) tensors of gravity have been suggested ^ |, 
pT| |T3|, |l^, Our analysis of the energy-momentum conservation law in the gravitation 

theory is based on the first variational formula in Lagrangian field theory (see Sections 3, 4 of 
the Part 1 |^). In accordance with this formula, the invariance of a gravitational Lagrangian 
density under general covariant transformations implies the differential SEM conservation law 
where the corresponding energy-momentum flow reduces to the superpotential |^ ^ |T5|. 

Let us briefly remind the basic features of the geometric approach to field theory when 
classical fields are described by global sections of a bundle Y ^ X over a world manifold X 
and their dynamics is phrased in terms of jet manifolds (see Section 3). 

We restrict ourselves to the first order Lagrangian formalism, for most of contemporary 
field models are described by first order Lagrangian densities. This is not the case for the 
Einstein-Hilbert Lagrangian density of the Einstein's gravitation theory which belongs to the 
special class of second order Lagrangian densities. Its Euler-Lagrange equations are however of 
the order two as like as in the first order theory (see Sections 13, 14). 

In the first order Lagrangian formalism, the finite-dimensional configuration space of fields 
represented by sections s of a bundle Y X is the first order jet manifold J^Y of Y. Given 
fibered coordinates {x^, y^) of F , the jet manifold J^Y is endowed with the adapted coordinates 
(x^, y*, y^). A first order Lagrangian density on J^Y is defined to be an exterior horizontal 
density 

L = C{x'' , y\ yl^)LU , lu = dx^ A ... A dx"^. 
Let Gt be a 1-parameter group of bundle isomorphisms of a bundle Y ^ X, and let 

u = u^{x)dx + u\y)di 

be the corresponding projectable vector field on Y. A Lagrangian density L on the configuration 
space J^Y is invariant under these transformations iff its Lie derivative by the jet lift 

= u^dx + u'd, + {dy^u' - yldxu^')dl 

dx = dx + yidj + y^^^dj +■■■ 
of u onto J^Y is equal to zero, i.e. 

L,i„L = 0. (2.1) 
In accordance with the first variational formula (35), there is the canonical decomposition 

Lji^L = uv\SL + dT{u) (2.2) 
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where 

= [di - (d, + yid, + y'^,d^)d^W A a; = 5,Cdy^ A u (2.3) 
is the Euler-Lagrange operator, 

T{u) = T\u)u^ = [7r,f (n^ - u%) + u^C]uj^, 
is the corresponding current, and 

uy = {u' - ylu'')di 

is the vertical part of the vector field u. 

The Euler-Lagrange operator by definition, vanishes on the critical sections of the bundle 
y — >■ X, and the equality ( p.2|) comes to the weak identity 

(the symbol "~" means equality modulo the kernel of the Euler-Lagrange operator ( p^.3| )). 
If the Lie derivative 



of a Lagrangian density L by a projectable vector field u satisfies the condition ( |2.1| ), then we 
get the weak conservation law 

^^dx[Kl{u'-u^y'^)+u^C]. (2.4) 

Note that, if some background fields are present, the corresponding variational derivatives 
5aC in the Euler-Lagrange operator (p.3|) do not vanish, and we have the differential transfor- 
mation law 

^ (w^ - uX)5aC + 9,K(«^ - uX) + («* - u^^) + u^C] (2.5) 
(see Section 4). 

The examples of gauge fields (see Section 7) and tensor fields (see Section 8) show that, in 
case of gauge-type transformations when the corresponding vector fields u depend on derivatives 
of the parameters a{x) of these transformations, the conservation law (|2.4|) takes the form 

T = W + dU 

where IV f» and t/ is a superpotential which depends on parameters a{x) of gauge transfor- 
mations that provide the gauge invariance of the conservation law ( |2.4| ). 

The Einstein's gravitation theory and the affine-metric gravitation theory are field models 
on the bundles of geometric objects (see Section 8). Gravitational Lagrangian densities are 
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invariant under general covariant transformations. As a consequence, we get the SEM conser- 
vation law with respect to the canonical lift of a vector field r on a world manifold X onto the 
corresponding bundle of gravitational fields. 

In the purely metric Einstein's gravitation theory |T^, the SEM conservation law corre- 



sponding to the invariance of the Hilbert-Einstein Lagrangian density under general covariant 
transformations takes the form 

AT^(r)^0, T^-^^^U^\r), (2.6) 

where 



U'\r) = \^{g^^T>:, - g^'rl) (2.7) 
Ik 



is the well-known Komar superpotential |]13[ associated with a vector field r on a world manifold 
X. Here the symbol denotes the covariant derivative with respect to the Levi-Civita 
connection. 

In the recent paper it was shown that (|2.8| ) has a kind of universal property, in the 
sense that the SEM flow of any Lagrangian density depending nonlinearly on the scalar cur- 
vature, constructed from a metric and a torsionless connection, reduces always to the Komar 
superpotential. 

This result has been extended to the affine-metric gravity in case of a general linear connec- 
tion K""^^ and arbitrary Lagrangian density L invariant under general covariant transformations 
0. The corresponding SEM conservation law is brought into the form ( |2.6|) where 

is the generalized Komar superpotential. Here is the covariant derivative with respect to 
the general linear connection K and is the torsion of this connection. In the particular case 
of the Hilbert-Einstein Lagrangian density and symmetric connections, we have 

5^HE V^(5M^^A_^A^.,)^ 



so that the superpotential ( p.8|) comes to the Komar superpotential ( p.7|) . Also, if the La- 
grangian density is of the kind considered in Ref.[Q, the superpotential ( p.8|) recovers the 
superpotential found in that paper. 

In case of also gauge gravitation theory, we show that the covariant derivative of Dirac 
fermion fields takes the form 

Dx = dx- \A'''''^{dxK + K%xh:)h,, (2.9) 
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where h{x) is a tetrad gravitational field, is a general linear connection, r] is the Minkowski 
metric, and 

lab = ^[7a,7fe] 

are the generators of the spinor group Lg = SL{2, C) [1T0| . 

The covariant derivative (|2.9| ) has been considered by several authors [|], ^]. In accor- 
dance with the well-known theorem |T^, every general linear connection being projected onto 
the Lie algebra of the Lorentz group yields a Lorentz connection. 

It follows that the configuration space of metric (or tetrad) gravitational fields and general 
linear connections may play the role of the universal configuration space of realistic gravitational 
models. In particular, one can think of the generalized Komar superpotential as being the 
universal energy-momentum superpotential of gravity. The corresponding energy-momentum 
(pseudo) tensor reads 



One can calculate it on solutions of metric and affine-metric gravitational models. In particular, 
the torsion contributes into this energy-momentum (pseudo) tensor. 

Note that the dependence of the energy-momentum superpotentials of gravity on the vector 
field r reflects the fact that the SEM conservation law (|2.6| ) is preserved under general covariant 
transformations. 

Hereafter, the 4-dimensional base manifold X is required to satisfy the well-known topo- 
logical condition in order that a pseudo-Riemannian metric can exist. To summarize these 
conditions, we assume that the manifold X is not compact and that the tangent bundle of 
X is trivial. We call X the world manifold. Pseudo-Riemannian metrics and general linear 
connections in tangent and cotangent bundles of X are called the world metrics and the world 
connections respectively. 



13 Reduced second order Lagrangian formalism 



Given a bundle Y X coordinatized by {x^, y^), let L be a second order Lagrangian density 
on the second order jet manifold J^Y of Y. Its different Lepagian equivalents exist on J^Y, 
but the associated Poincare-Cartan form 3^ is uniquely defined and given by the coordinate 
expression 

El = Cuj+ [{d^C - d^dl^CW + 5f -Crfy;] A u^. (2.10) 
In the second order case, the first variational formula (23) is written 

T^t^jluL = ho{jlu\dpL) + hod{ilu\pL) 

for any projectable vector field u on the bundle Y ^ X. When pi = E^, it takes the form 

7r2*Lj-2„L = uv\£l + dHho(u\EL) (2.11) 
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where 

El = (di - dxd^ + d^dxd^^W A uj (2.12) 

is the 4-order Euler-Lagrange operator and the second order jet hft JqU of the vector field u 
reads 

Being restricted to the kernel of the Euler-Lagrange operator ( |2.12| ), the equality ( ]2.11| ) 
comes to the weak identity 

7lt*^^^uL ^ dx[u^C + uv\d^C - d^d-'^C) + d^uy'di'^Cp (2.13) 

and to the corresponding differential transformation law on critical sections of the bundle 
Y ^X. 

Let us consider a second order Lagrangian density L whose Euler-Lagrange operator £ 
(|2.12| ) reduces to the second order differential operator [l^. It takes place, if the associated 
Poincare-Cartan form ( ^.1U| ) is defined on the first order jet manifold J^Y of Y. This is the 
case iff the Lagrangian density L obeys the conditions 

dfarc = 0, 

(9;9f - 9f )£ = 0. (2.14) 

This Lagrangian density is linear in the coordinates and, in each coordinate chart, it is 
given by the expression 

L = (£' + Trf y;,)a; (2.15) 

where C is a local function on J^Y and the Lagrangian momentum vr is a section of the 
Legendre bundle 

A T*X (g) (V TX) (g) V*Y. 

In virtue of the relation ( p.l2|) , there exists a local horizontal form = ^'^cua on J^Y — > X such 
that 

Trf = 

Let us consider the local form 

e = Si - dcf). 

It is the Lepagian equivalent of the local first order Lagrangian density 

Li = ho{e) = L - dH(j) (2.16) 

which leads to the same second order Euler-Lagrange operator in a given coordinate chart as 
the Lagrangian density ( p.l5| ) does. 

In particular, if the functions vrf^ are independent of the coordinates y^^, we can take 

= TTf^y; - p>, (2.17) 
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where F is a connection on Y ^ X. The form ( 2.17|) is globally defined and we get the first 
order Lagrangian density 

L, = L-d,[nt\y;-r^)]uj (2.18) 

which leads to the same second order Euler-Lagrange operator as the Lagrangian density ( |2.15| ) 
does. 

However, the first order Lagrangian densities Li ( |2.16| ) and ( |2.18| ) fail to possess the same 



symmetries of the second order Lagrangian density L ( |2.15| ) in general. Therefore, we do not 



take advantage of its application in conservation laws as a rule. 

14 Conservation laws in Einstein's gravitation theory 

In Einstein's gravitation theory, gravity is described by a pseudo-Riemannian metric whose 
Lagrangian density is the Hilbert-Einstein Lagrangian density. 

Let Eg — i> X be the bundle of pseudo-Riemannian world metrics. Its 2-fold covering is the 
bundle 

E = LX/50(3,1) (2.19) 

where LX is the principal bundle of oriented linear frames and SO {3, 1) is the connected Lorentz 
group. Hereafter, we shall identify Sg with the open subbundle of the tensor bundle 

VT*X ^ X. 

In induced coordinates of T*X, the bundle J^S^ is coordinatized by {x^, gai3, da/sx, ga/3x,fj.)- 
The second order Hilbert-Einstein Lagrangian density on the configuration space J^Sg reads 

Lhe = -^g^^g^'Rap^^uV^oo (2.20) 

where ^ 

T^igauf^^ + gfS^au - gat,f3u " g^uaf,) + g'" {lePt^laav " lePvlaa^,), 

"Ja^u '^{gaj^iu ~l~ gau^ g^vci)i 
.a ^ \dg_ _d_ ^ _ aa(3.d_ 

y o ' y y ,,,, ■ 

g ogai3 gap g'"^ 

This is the reduced second order Lagrangian density like that considered in the previous Section. 
It leads to the second order Euler-Lagrange operator. 

To remain within the framework of bundles of geometric objects, we utilize the Proca fields 
as the matter source of gravitational fields. Their Lagrangian density (90) depends on a world 
metric, but not on the symmetric part of the world connection. 
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The Proca fields are described by sections of tlie cotangent bundle T*X (see Section 11). 
The total configuration space of metric gravitational fields and Proca fields is J^T where 



T = \/T*X xT*X. 

X 



On this configuration space, the Lagrangian density of Proca fields is given by the expression 



Lp = [-^g^''g'"'J'ap:F^u - -m'g^%h]^\ g \uj, (2.21) 



where 



and g'^^ is the inverse matrix of g^p- 

The total Lagrangian density L is the sum of the Hilbert-Einstein Lagrangian density ( |2.2CI| ) 
and the Lagrangian density of Proca fields (|2.21[ 



The associated Poincare-Cartan form on the jet manifold J^T reads 
where 

^HE = -^\f^[g'^^g'^''g^''{le^ulaPa - lsPal^^au)uJ + 



2k 



14| and Hp is given by the expression 

Sp = (£p - Ti^'%x)uJ + -K^^dk^ A cuA, (2.22) 
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The total Euler-Lagrange operator is 

= ^HE + ^p, 

^HE = -\g'"''g^"V^[--{Rt.u - \gt.uR) + t^J\dg^p Ato = S'^^Cdgo^p a u 

^p = {-^f^gm^g'^^k^ + -d^{g^''g''f'T^.^)\dkp Auj = d^Cdkp A uo, (2.23) 

7 

where t is the metric energy- momentum tensor (94) of the Proca fields. 

The Lagrangian densities Lhe ( p.20|) and L-p ( p.21|) are invariant separately under general 
covariant transformations of the bundle of geometric objects T = x T*X. Therefore, the 

Lie derivative of their sum L by the jet lift jgr of the vector field on T 

d d 

T = T^dx - (gupdaT" + gaudpT")- daT^k^ — 

OgafB ka 
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naturally induced by the vector field r on X vanishes. Hence, we get the week conservation 
law which takes the form 



^ dx[-2g^^r^5''^C + t^K5^C + — v^l^^^^^rj - g^^r'^^),^ - d^i'K^'^^K)] (2.24) 



A glance at the conservation law (|2.24|) shows that the SEM fiow of a metric gravitational 
field with respect to the vector field f reduces to the Komar superpotential (PT7|). The total 
superpotential contains also the superpotential 



(2.25) 



of the Proca fields. We observe that, in case of exact general covariant transformations, the 
energy-momentum fiow (95) of the Proca fields comes to the superpotential term (see Section 
11). 



15 First order Palatini formalism 



This Section is devoted to the SEM conservation laws of gravitational theory in the first 
order (Palatini) variables when a world metric and a symmetric world connection are considered 
on the same footing. To compare the SEM fiows in this model with those in the Einsten's 
gravitational theory, we restrict our attention the Hilbert-Einstein Lagrangian density in the 
Palatini variables. The corresponding Euler-Lagrange equations are well-known to be equivalent 
to the Einstein's equations [^]. 

Let LX — X be the principal bundle of linear frames in the tangent spaces to X. Its struc- 
ture group is GL"'"(4, R). The world connections are associated with the principal connections 
on the principal bundle LX X. Hence, there is the 1:1 correspondence between the world 
connections and the global sections of the quotient bundle 

= J^LX/GL+{A, R). (2.26) 

With respect to a holonomic atlas, the bundle is coordinatized by (x^, k"/3x) so that, for 
any section K of Cw, 

are the coefficients of the linear connection 



on T*X. In this Section, we restrict ourselves to symmetric world connections. 



The bundle (|2.26| ) admits the canonical splitting 
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fcV = A;"[/3A] + A;"(/3A), 

where 

C_ = A T*X (g) TX 

is the bundle of torsion soldering forms and C+ X is the affine bundle modelled on the vector 
bundle 

V T*X (g) TX. 

Sections of the bundle C+ —>■ X are symmetric world connections. This bundle is coordinatized 
by (x^, k"px) where fc"^A = 

The total configuration space of the Palatini gravitational model is 

J^(SgXC+). (2.27) 

It is coordinatized by 

On the configuration space ( p.27| ), the Hilbert-Einstein Lagrangian density reads 

Lke = -;^/'i?VAV^^, (2.28) 

R"l3uX = fc"/3Ai/ — fc"/3j/A + k"suk^l3X — k"s\k^ /Su- 
it is of the order zero with respect to the metric fields g""^ and of the first order with respect 
to the coordinates /c"/3a- 

We consider the Palatini gravitational model in the presence of the Proca fields. The total 
Lagrangian density L on the jet manifold J^T where 

T = S„ X C+ X T*X 

X X 

is the sum 

L = LuE + Lp (2.29) 
of the Hilbert-Einstein Lagrangian density (|2.28| ) and the Lagrangian density of Proca fields 

The associated Poincare-Cartan form on the jet manifold J^T is the sum 
of the form 

She = -7^v^/^i?"/3«A^ + TrJ-'^dk^'p, A Ux, 
Zk 

^a^"' = 7^(5:/' - synv^, (2.30) 



2k 
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and the form Hp ( p.22|) . The Euler-Lagrange operator corresponding to the Lagrangian density 
(|2.29| ) is the sum 

£l = £^ + £k + £g 

of the Euler-Lagrange operator for the Proca field Sp ( p^.23[ ), for the symmetric connection 

= ^[{V^g'^n^c - (v^5^^^^);A]rffc"^, Au = 5j'Cdk^p, A u (2.31) 



2k 
where 

and for the metric field 



afj, 



where 



£, = ^V^iT^fs + t^fs)dg''^ Aio = d^pCdg'^^ A u (2.32) 
1 1 

Tap = -{Rap — -QapR) (2.33) 

and tap is the metric energy-momentum tensor (94) of Proca fields. One can think of Tap ( |2.33| ) 
as being the metric energy-momentum tensor of symmetric world connections. 

The total Lagrangian density L (|2.29|) of the Palatini gravitational model is invariant under 
general covariant transformations of the bundle of geometric objects 

T = S„ X (7+ X T*X. 

X X 

Therefore, the Lie derivative of L by the jet lift JqT of the vector field on T 
f = T^dx + {g^^d^T^ + g^^Oy^-^ 



dg^P 

Hd^r'^k'p, - dpT^k^, - d.r'k'^p, - dp,T'^ ^ 



dk'^p^ 

-d.r^K^^ (2.34) 

naturally induced by a vector field r on X vanishes. Hence, we get the week conservation law 
( |2.4| ) in the form 

^ dx[Ka^^\-r''k^p^, + d^T^k^p, - dpT-'k^^ - d^T'^k^p, - dp^T'^) 

+7r'^^(-9,r%-r^A;,^) + r"£]. 

This can be brought into the form (|2.6| ) where as like as in the previous case the total superpo- 
tential is the sum of the gravitational Komar superpotential ( f^.T] ) and the superpotential ( |2.25| ) 
of Proca fields. 
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16 Energy- momentum superpotential of affine-metric grav- 
ity 



Let us consider the affine-metric gravitational model where dynamic variables are pseudo- 
Riemannian metrics and general linear connections on X. 

Note that, since the world connections are the principal connections, one may apply the 
standard procedure of gauge theory in order to obtain the SEM conservation law (see Section 
10). However in this case, the nonholonomic gauge isomorphisms of the linear frame bundle 
LX and the associated bundles have to be considered [|TT]. The canonical lift r of a vector 
field r on the base X onto the bundles and Cw does not correspond to these isomorphisms. 
One must use a horizontal lift of r by means of some connection on these bundles. At the 
same time, we observe that the configuration space of gauge gravitation potentials in the gauge 
gravitation theory itself reduces to the configuration space of general linear connections . 

The total configuration space of the affine-metric gravity is 

J^Y = J\j:g X C^) (2.35) 

coordinatized by 

/ A 0/3 i,a a/3 ko n 

[X ,g ,K[3X,g f3Xfj.). 

We assume that a Lagrangian density Lam of the affine-metric gravitation theory on the 
configuration space (^.35|) depends on a metric g"^ and the curvature 



R%ux = k'^pxu - k'^pux + k'^euk'^x - k'^.xk'p,. 
In this case, we have the relations 

T^cj 1^ aX T^a crA 



= aJ'^'C^^ = -nj^r (2.36) 



Let the Lagrangian density Lam be invariant under general covariant transformations. Given 

le 

d 



a vector field r on X, its canonical lift onto the bundle Tig x reads 



f = T^dx + {g'^^d^T'' + g'^^'d^T 



dg 



+ [5.r"r^^ - dpT'^k^^ - d^T-'k'^f,, - dp,T^]-^. (2.37) 

For the sake of simplicity, let us employ the compact notation 

r = T^dx + {g^'^d.r^ + (7"^9,r^)5,^ + (w^f S^r" - w^f S.^r")^^. 
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Since the Lie derivative of Lam by the jet hft j^r of the field r ( p. 37] ) is equal to zero, i.e. 

Lji^Lam = 0, (2.38) 

we have the weak conservation law 

^ dx[d\CUu''%r'' - u^'l^d^f^T'^ - + r^^am] (2.39) 

where 

f)>^ r n.AeP _ ef3X 
A am"' a ci i 

Due to the arbitrariness of the functions t"-, the equality (|2.38|) implies the strong equality 

5f >Cam + ^TgT^ + U^idAC^ra + 4(^^a)'9i;>Cam - Z/^^^^Cam = 0. (2.40) 

One can think of 

as being the metric energy-momentum tensor of general linear connections. 

Substituting the term ?/^(9^£am from the expression ( p.40|) into the conservation law (|2.39|) , 
we bring the latter into the form 

^ d^\-^gTlT'- ^d\L^^{u^idpT'- -U^'id,fiT'^)-dAC^raU^^^^^ (2.41) 

Let us separate the components of the Euler-Lagrange operator 

El = {SapC^n.dg''^ + 6a"'C^^dk%^) A uj 

in the expression ( p.41| ). We get 

^ dx[d^AC,^,u''^^d,T^ - a^(a^£amn^^)r° + 9^ (vr/^^)9,r-] + 
aA[-2(7"V"5„^/:am - u^ir'^dAC^m] " (Tr^^^^^^.r")] 

and then 

~ 9A[-9^(9,'^£am)r1 + 

'^A [ -^y ' "o/i'—am V "ffj.'-'a '—am afi'-'a '—am "/a'-'a '—am/' ~ '-'a '— am'^e ' J 

-5A[9,,(7r„'^^\D,r" + ^]^,r'^)]. 
The final form of the conservation law ( p.39| ) is 

n » ^^ \—9n■^^^T°'^ r — ih^ '^^ r — ^^r — h'^ /) '>''^/' -i- ^ ^^r f) 

w ~ L/A[ -^y ' '-'a/i'— am V ■y^'-'a '—am a/j'-'cr '—am 7a'^(T '—am/' ~ '-'a '— am'^e ' 

-9^(5,"^/:am)r1 - dx[d,{n^''^^\D,r" + f^^^r^)]. (2.42) 
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It follows that the SEM conservation law in the affine-metric gravity is reduced to the form 



2^ ) where U is the generahzed Komar superpotential (p.8|) . 

Let us now examine the total system of the affine-metric gravity and the tensor fields 
described in Section 8, e.g., the Proca fields. In the presence of a general linear connection, 



the Lagrangian density Lp ( |2.21| ) is naturally generalized through covariant derivatives and 
depends on the torsion: 

-r- _i. _ t. _ u 

It is readily observed that, in this case, the superpotential term (|2.25|) in the energy-momentum 
fiow of the Proca fields (95) is eliminated due to the additional contribution 

Thus, the energy-momentum fiow of the Proca fields comes to zero, and the total energy- 
momentum fiow of affine-metric gravity and Proca fields reduces to the generalized Komar 
superpotential. 

One can consider general linear connections and Proca fields in the presence of a background 
world metric g when the general covariant transformations are not exact. In this case, we have 
the weak transformation law ( |2.5| ) where the variational derivatives SapC by the metric field 
fail to vanish. Then, the total SEM fiow takes the form 

and the SEM transformation law comes to the form of the covariant conservation law 

of the metric energy-momentum tensors of general linear connections and of the Proca fields. 
Thus, we observe that the "hidden" non-superpotential part of the energy- momentum fiow 
appears if the invariance under general covariant transformations is broken. 



17 Lagrangian systems on composite bundles 

The gauge gravitation theory exemplifies the model with spontaneous breaking of space- 
time symmetries where the matter fermion fields admit only Lorentz transformations. The 
geometric formulation of the gauge gravitation theory calls into play the composite bundle 
picture. As a consequence, we get the modified covariant differential of fermion fields which 
depends on derivatives of gravitational fields |1T0| . 

In the gauge gravitation theory, gravity is represented by pairs (/i. Ah) of gravitational 
fields h and associated Lorentz connections Ah Jll], |18|. The Lorentz connection Ah is usually 
identified with both a connection on a world manifold X and a spinor connection on the the 
spinor bundle Sh ^ X whose sections describe Dirac fermion fields iph in the presence of 
the gravitational field h. The problem arises when Dirac fermion fields are described in the 
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framework of the affine-metric gravitation theory. In this case, the fact that a world connection 
is some Lorentz connection may result from the field equations, but it can not be assumed 



in advance. There are models where the world connection is not a Lorentz connection Wl 



Moreover, it may happen that a world connection is the Lorentz connection with respect to 



different gravitational fields [^. At the same time, a Dirac fermion field can be regarded only 
in a pair {h, iph) with a certain gravitational field h. 

Indeed, one must define the representation of cotangent vectors to X by the Dirac's 7- 
matrices in order to construct the Dirac operator. Given a tetrad gravitational field h{x), we 
have the representation 

However, different gravitational fields h and h' yield the nonequivalent representations and 

It follows that, fermion-gravitation pairs {h,iph) are described by sections of the composite 
spinor bundle 

5 ^ S ^ X (2.43) 

where S — X is the bundle of gravitational fields h\ the components /i^ of h play the role 
of parameter coordinates of S, besides the familiar world coordinates. [jl8|, In particular, 
every spinor bundle S'/j — > X is isomorphic to the restriction of S* S to h{X) C S. Performing 
this restriction, we arrive at the familiar case of a field model in the presence of a gravitational 
field h{x). 

By a composite bundle is meant the composition 

F ^ S ^ X. (2.44) 

of a bundle Y ^ X denoted by Ys and a bundle S ^ X. It is coordinatized by (a;'*', a™, y*) 
where (x^, a™) are coordinates of S and are the fiber coordinates of Y^.- We further assume 
that S has global sections. 

The application of composite bundles to field theory is founded on the following . Given 
a global section h of E, the restriction Yh of to ^(X) is a subbundle of y — X. There is the 
1:1 correspondence between the global sections Sh of Yh and the global sections of the composite 
bundle ( p.44| ) which cover h. Therefore, one can think of sections Sh of Y^ as describing fermion 
fields in the presence of a background parameter field h, whereas sections of the composite 
bundle Y describe all the pairs (s/j, h). The configuration space of these pairs is the first order 
jet manifold J^Y of the composite bundle Y . 

The feature of the dynamics of field systems on composite bundles consists in the following. 
Every connection 

Aj, = dx^ ® (9a + A\d,) + rfa™ ® {d^ + A'^di) 
on the bundle Yy. yields the horizontal splitting 

VY = VYy®{YxVJ:), 

Y S 
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Using this splitting, one can construct the first order differential operator 

D: J^Y ^ T*X®VY^, 

Y 

D = dx^® {y\ - A\ - (2.45) 

on the composite bundle Y . This operator posesses the following property. 

Given a global section h of S, let F be a connection on S whose integral section is /i, that is, 
T o h = J^h. It is readily observed that the differential (|2.45|) restricted to J^Yh <Z J^Y comes 
to the familiar covariant differential relative to the connection 

A, = dx^ ® \dx + W^h^ + A'^)d,] 

on Yh- Thus, we may utilize D in order to construct a Lagrangian density 

L: J^Y^ T*X (g) VY^ A T*X 

Y 

for sections of the composite bundle Y. 

18 Composite spinor bundles in gravitation theory 



Let us consider the gauge theory of gravity and fermion fields. 

Let LX be the principal bundle of oriented linear frames in tangent spaces to X. In 
gravitation theory, its structure group G'L+(4, R) is reduced to the connected Lorentz group 
L = 5*0(1,3). It means that there exists a reduced subbundle L^X of LX whose structure 



group is L. In accordance with the well-known theorem |I2|, there is the 1:1 correspondence 
between the reduced L subbundles L'^X of LX and the global sections h of the quotient bundle 

(Ell). 



Given a section h of S, let \I''' be an atlas of LX such that the corresponding local sections 
of LX take their values into L^X. With respect to \I''' and a holonomic atlas = {ipj} of 
LX, a gravitational field h can be represented by a family of GL4- valued tetrad functions 

= ^[ o zl, dx^ = /i^(x)/i". (2.46) 

By the Lorentz connections Ah associated with a gravitational field h are meant the principal 
connections on the reduced subbundle L^X of LX. They give rise to principal connections on 
LX and to spinor connections on the L^-lift Ph of L^X. 

There are different ways to introduce Dirac fermion fields. Here, we follow the algebraic 
approach. Given a Minkowski space M, let CZi^s be the complex Clifford algebra generated by 
elements of M. A spinor space V is defined to be a minimal left ideal of CZi^s on which this 
algebra acts on the left. We have the representation 
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of elements of the Minkowski space M C by Dirac's matrices 7 on V . 

Let us consider a bundle of complex Clifford algebras C/i_3 over X whose structure group 
is the Clifford group of invertible elements of Its subbundles are both a spinor bundle 

Sm X and the bundle Ym — * X of Minkowski spaces of generating elements of To 
describe Dirac fermion fields on a world manifold X, one must require Ym to be isomorphic to 
the cotangent bundle T*X of X. It takes place if there exists a reduced L subbundle L^X of 
LX such that 

Ym = {L^X X M)/L. 

Then, the spinor bundle 

Sm = Sh = (Ph X V)/L, (2.47) 
is associated with the L^-lift Ph of L^X. In this case, there exists the representation 

: T*X (g)Sh = (Ph X (M (g) V))/Ls ^ (P„ x 7(M x V))/L, = (2.48) 

of cotangent vectors to a world manifold X by Dirac's 7-matrices on elements of the spinor 
bundle Sh- As a shorthand, one can write 



Given the representation (|2.48|) , we shall say that sections of the spinor bundle Sh describe 
Dirac fermion fields in the presence of the gravitational field h. Indeed, let 

Ah = dx^ ® {dx + iA'^^Ja/B^''5A) 

be a principal connection on Sh- Given the corresponding covariant differential D and the 
representation 7/1 ( |2.48|) , one can construct the Dirac operator 

Vh = ihoD: j'Sh^T*X®VSh^VSh, (2.49) 

Sh 

y oVh = ti^'y BiVx - xUb bV ) 

on the spinor bundle Sh- 

Different gravitational fields h and h' define nonequivalent representations 7^, and 7^/. It 
follows that a Dirac fermion field must be regarded only in a pair with a certain gravitational 
field. There is the 1:1 correspondence between these pairs and sections of the composite spinor 
bundle ( p.43|) defined as follows. 

Let us consider the L-principal bundle 

LXs := LX ^ S 

where S is the quotient bundle ( |2.19| ). Let P^, be the L^-principal lift of LXs such that 

Ps/I^, = S, LXs = r(Ps). 
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In particular, there is the imbedding of the L^-hft Ph of L^X onto the restriction of Ps to h{X). 
We define the composite spinor bundle ( p. 431) where 

Sj, = (Pe X V)/L, 

is associated with the L^-principal bundle Ps. It is readily observed that, given a global section 
h of T,, the restriction of S-e to h{X) is the spinor bundle Sh ( p.47|) whose sections describe 
Dirac fermion fields in the presence of the gravitational field h. 

Let us provide the principal bundle LX with a holonomic atlas {ipj, U^} and the principal 
bundles Ps and LX^ with associated atlases {zf , U^} and {z^ = r o z^}. With respect to these 
atlases, the composite spinor bundle is endowed with the bundle coordinates (x^, a^, ip'^) where 
{x^, a^) are coordinates of the bundle S such that are the matrix components of the group 
element {ipj o Ze){<j), a G f/^, vr2x(cr) G U^. Given a section /i of S, we have 



A/ 



where h\{x) are the tetrad functions ( |2.46|) . 



Let us consider the bundle of Minkowski spaces 

{LX ^M)/L^^ 

associated with the L-principal bundle LXy.- Since LXy, is trivial, it is isomorphic to the 
puUback S x T*X which we denote by the same symbol T*X. Then, one can define the bundle 

X 

morphism 

7s : T*X I ^2 = (Pe X {M ® V))/L, ^ (P^ x 7(M ® V))/L, = Sj,, (2.50) 

dx^ = 7s(c?a;^) = c^^7^ 

over S. When restricted to h{X) C S, the morphism (|2.50|) comes to the morphism 7/1 (|2.48|) . 



We use this morphism in order to construct the total Dirac operator on the composite spinor 
bundle S O). 
Let 

A = dx^0 (dx + AfdB) + da^ ® (9^ + A^'ldn) 



be a principal connection on the bundle Sy. and D the corresponding differential ( ^.45| ). We 
have the first order differential operator 

V = -^j:oD : J^S ^ T*X ® VS^ VSj^, 

s 

on 5*. One can think of it as being the total Dirac operator since, for every section h, the 
restriction of V to J^Sh G J^S comes to the Dirac operator Vh ( p.49|) relative to the connection 



= dx^ ® [dx + {Af + A''';dxK)dB] 
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on the bundle Sh- 
in order to construct the differential D (|2.45| ) on J^S in explicit form, let us consider the 
principal connection on the bundle LXj^ given by the local connection form 



abj 



A 



ab 



TZ^ ^^^^ca^b ^cb 



A 



abc 



(2.51] 



(2.52) 



where is a general linear connection on TX and ( |2.52| ) corresponds to the canonical left- 
invariant free- curvature connection on the bundle 

GL+(4,R) ->GL+(4,R)/L. 

Accordingly, the differential D relative to the connection ( |2.51| ) reads 



:2.53) 



Given a section the connection A (p.51|) is reduced to the Lorentz connection 



K 



ab 



(2.54) 



on L^X, and the differential (|2.53| ) leads to the covariant derivative of fermion fields ( |2.9| 
Let us emphasize that the connection (|2.54 ) is not the connection 

written with respect to the reference frame h"" = h'^dx^, but there is the relation 



(2.55) 



If is a Lorentz connection A^, then the connection K ( p.54|) consists with K itself. 

We utilize the differential p.53| ) in order to construct a Lagrangian density of Dirac fermion 
fields. This Lagrangian density is defined on the configuration space J^{S © S~^) coordinatized 

by 

(x^a,^^^,^+,a,^„V^f,^+,). 

It reads 



ii^lx - + K^uxa:)^Ptb''A){l'lYBr] - m^+(7°)%^^}a-i^, (2.56) 
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7^ = a,^7", a = det{aii), 

where 

is the Lorentz invariant fiber metric in the bundle S © 5*^ . 
One can easily verify that 



Hence, the Lagrangian density (|2.56|) depends on the torsion of the general linear connection 



K only. In particular, it follows that, if K is the Levi-Civita connection of a gravitational field 
h{x), after the substitution cx^ = h'^{x), the Lagrangian density ( |2.56| ) comes to the familiar 
Lagrangian density of fermion fields in the Einstein's gravitation theory. 

19 Conservation laws in gauge gravitation theory 



In accordance with the previous Sections, the total configuration space of fermion fields and 
affine-metric gravity can be described by the jet manifold J^Y of the product 

Y = S®S+xCu, (2.58) 
s s 



where Cu, is the bundle of general linear connections ( p^.26D coordinatized by {x , 



uX 



The total Lagrangian density L on this configuration space is the sum of the Lagrangian 
density Lam of affine-metric gravity where variables g"'^ are replaced with a^cr^'f]'^^ and the 
Lagrangian density of fermion fields (|2.56| ) where the background general linear connection 
K^vX is replaced with the corresponding coordinates k^y\ of the bundle C^. 

The Lagrangian density L is constructed to be invariant under the 1-parameter groups of 
gauge isomorphisms of the L-principal bundle LX S. The corresponding vector fields on 
the bundle Y read 

u = ^a^\x) [{vac6t - VbcS'Md; + lat^srOA + I^t^ B^Pld''] (2.59) 

where a"'''{x) are local parameters of gauge transformations. The Lie derivative of the Lagran- 
gian density L by the jet lift j^u of the vector field (|2.59|) is equal to zero and the corresponding 
weak conservation law 

^ d,[^a''\d;,'C4vacSt - VtXK + d'^c^hb^sr + C/i.^19^"/:^)] 

(|2.4| ) takes place. However, it is easy to verify that 

dl'C4vaX - VtcSM + d^C^Iat^B^"" + It,"" B^\d^^ = 0, (2.60) 
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and so the conserved current is equal to zero. 

Now, we investigate the SEM conservation law of Dirac fermion fields and affine-metric 
gravity. Let r be a vector field on X. Both the Lagrangian density of fermion fields and 
the Lagrangian density Lam of affine metric gravity are invariant under the (local) 1-parameter 
groups of transformations associated with the local vector fields 

T = r^9^ + d^T^^al—, + (9,r-fcV " dpT'k\, - d,T'k%, - dp^r'^)--^. (2.61) 
u<Ja Ok 

Note that, under a gauge (Lorentz) transformation, the field ( p.61| ) is changed as 

but in virtue of the relation ( |2.6CI| ), the additional term in f' does not contribute in the SEM 
conservation law. 

For the sake of simplicity, let us employ the same compact notation as in Section 16: 

Since the Lie derivative of L by the jet lift Jq? of the field r ( |2.61| ) is equal to zero, i.e. 

= 0, (2.62) 

the weak conservation law 



^if - - - ^rt..." + r^C] (2.63) 



takes place. We have the relations ( p.36| ) and the relation 



a:. 



Due to the arbitrariness of the functions r", the equality (|2.62|) implies the strong equality 
( |2.4CI| ) where ^/—g is replaced by 2a and in addition the strong equality 

+ + ^.f. - g< + a.C,ut^ - '^i.t - (2.64) 

where 
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Substituting the term y^d'^Cs.m from the expression ( |2.4CI|) and the term 



9£„ 



Aa 



^13 dip\p 

from the expression ( p.64| ) into the conservation law ( p.63|) , we bring the latter into the form 



w ~ '~'\[ 1^ d I '-'a'~' v"" "/fi'-'a •'—am otfi^a •'—am ■ya'-'a •'— am^' \ "a •'— am'^e ' 



da 



afi 



(2.65) 



aX 



In accordance with the relation (|2.57|) , the last term in the expression (|2.65| ) is equal to zero, 
i.e. fermion fields do not contribute to the superpotential. The SEM conservation law ( |2.63| ) 
comes to the form (|2.6|) where U is the generalized Komar superpotential ( |2.8| ). 

We can thus conclude that the generalized Komar superpotential (|2.8|) occurs rather uni- 
versally in different gravitational models. 
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